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Newtonuv interpolacni polynom



Interpolace x extrapolace

Interpolace je ptiblizny vypocet hodnot funkce v bodé,
které lezi uvnitt daného intervalu INt(Xy,X;,Xp5 «.0 X).

Extrapolace je priblizny vypocet hodnot funkce v bodé,
které lezi vné intervalu Int(Xy,Xy,X,, ... X,,) Z hodnot funkce
v krajnich bodech X, a X,,, popft. 1z hodnot funkce v
nékterych vnitinich bodech intervalu int(xy,X;,X,, ... X;).
Chyba vypoctu muze byt velka. Ale pro x velmi blizka
koncovym bodim intervalu int(xy,X,X,, ... X,), |ze dostat
dobre vysledky.



Interpolace x extrapolace

Interpolace Extrapolace

Vypocteme bod funkce = mezi znamymi body funkce =« Vypocteme bod funkce = mimo znamé body funkce =«



Aproximace funkce dané nékolika body

Chceme-li aproximovat funkei danou svymi body X, X, X5, X3, ... X,
(tzv. uzly interpolace), a pozadujeme, aby aproximace prochazela
zadanymi body, pouzijeme aproximaci interpolaénim polynomem.

Newtonuv interpolacni polynom
N (X) =agtay (X-Xg) +a(X-Xg) (X-X1) .« « . Fa5(X-X) (X-X1 ) (X-X)ese o+ (X-Xp1.1)

Tato interpolace nam poslouzi k ziskani pfiblizné hodnoty funkce v libovolném
bod¢ intervalu. Jsou-li uzly interpolace navzajem rtizna ¢isla, urcuji vstupni data
jednoznacné koeficienty aya,,a,,...a,takove, ze N, spliiuje interpolacni podminky

N,.(x)=f(x) i=0,1,2,3....... n



N, (x)=f(x) i=0,1,2,3....... n

N, (Xo)=2g = f(Xo)
N (X1)=8g +a;(X;-Xo) = f(xy)
N (X2)=ag+a; (X;-Xo) +a5(X5.X0) (X-X4) = f(x,)
Nn(xn):a0+a1(xn'xo) °°°°°° an(Xn'XO) (Xn'xl)' 0000 "'(Xn'xn-z) (Xn'xn-l) = 1:(Xn)

Jedna se o soustavu rovnic

z 1. rovnice vypocitame a,=f(X,)

Z 2. rovnice a,= (f(x)-ag)/(X1-Xo)

atd., to ale neni moc praktické. Pro zjednoduSeni vypoctu si zavedeme

Pomérné diference f[Xx;] =f(x;) nasledné f[X;,X;,{]=(f[X;+1]-T1X:1)/(Xi17X:)

Plati, ze aj:f[Xo,X1, ---Xn-1,Xj]



Pomérné diference

Pomérna diference 0. radu
fxi] =f(x;)
z diferenci 0.radu vypocteme diference 1.radu:

Pomérna diference 1. radu

T Xis J= (FDGG DD (X 1%0) = (F(Xi2.0)-T0G)) (Xi44-X5)
Z. diferenci 1.radu vypocteme diference 2.radu:

Pomérna diference 2. radu

F[XiXis 1 X 2] = (X1 X 20T X5 D (X 27X)
Z. diferenci 2.radu vypocteme diference 3.radu:

Pomérna diference 3. radu
X0 X5 1% 20X ] = (F X 1 X522 X53] DX X 1 X221 (Xi37X)



Pomérna diference (k-1) -niho Fadu

X0 X1 10+ X2 Xir kot ] (FDG 10+ X2 XKt ] =T DK « < X 3o X 2 ) (K 17X6)

Pomérna diference k -tého radu proitk<n

FIXi X 10 o Xisker Xk =D 10 X1 Xk TG+« X 2 Xt 1)/ (Kii=X)

Pomérna diference n -tého radu existuje pouze pro i=0

fIXo: Xy, - Xt Xn = (FIX 4 X 1o X ] -F[ X g e« « X0 X1 I (X~ Xg)



Schema vypoctu naslednych diferenci,

koeficienty Newtonova polynomu jsou hodnoty na hlavni diagonale tabulky
a=f[X0: X1, - X1, %]

X; | f(x;) | 0.Fad | 1.Frad 2.fad 3.rad 4.fad
Xq | F(Xo) f[xok
N
X, | T(x) | fFIX %o X,]
X, | TOX5) | TIX 1P FIX XX X X,
X5 | F(X3) f[xgk X5, Xa] [ FIX X0, Xl 17 F[Xgs X1, X5, X5 ]
N
Xo | TOXg) | FIX TP FIXa X0 | X0 X X ) [ FDX X0u Xy X b1 A [ XX 15 X0, X5,X ]




Vypocet Newtonova polynomu

Funkce f dana svymi hodnotami v bodech x,=0, X;=1, X,=-1, X3=3,
f(0)=1, f(1)=2, f(-1)=2, f(3)=0.

Vypocitame pribliZznou hodnotu f(2) pomoci Newtonova interpola¢niho
polynomu:

i |x |f(x)| 0.Fad |  1.Fad 2.¥ad 3.F4d

0|0 |f(0) [fx,]=1

1(1|f(1)|f[x,]=2| flx,x,]=1

2 |-1|f(-1) |fx,]=2| flx,x,]=0 | flx,x;,x,]=1

3 | 3| f(3) |fx;]=0| fx,,x;]=-1/2 | f[x,,x,,x;]=-1/4 | f[x,,Xx,,X,,X;]=-5/12

a=f[Xo: X, - X1, %]



Byly zadany hodnoty funkce : Xp=0, X;=1, X,=-1, X;3=3,
f(0)=1, f(1)=2, f(-1)=2, £(3)=0,
a vypocetli jsme pomérné diference:
ag= fXo)=1, a;= f[Xo, X 1= 1, a,=f[Xo, X1, %171, ag=f[Xq,X1,X5,X5]=-5/12
N (X) =agt+a; (X-Xg) +a5(X-Xg) (X-X1)+ . Fa5(X-X0) (X-X1) (X-Xp)ue e+ o (X-Xp,1)

a=f[Xo, X1, -+ Xp1.%]

N (X) =ag+ay (X-Xg)+a,(X-Xg) (X-Xq)+a5(X-Xg) (X-X1 ) (X-X5)
N3(X)= F[Xo]+F[X0:X 1] (X-Xg)+F[X0,X1,Xo] (X-X0) (X=X 1)+F[X,X1, X5, X3] (X-X0) (X-X1)(X-X5)

N3 (X)=1 + 1(x-0) + 1(x-0)(x-1) — (5/12)(x-0)(x-1)(x+1)
Ny(X)=1 + X + X2— X - (5/12)x3 + (5/12)x = (-5/12)x3 + x>+ (5/12)x + 1

N,(X) = (-5/12)x3 + x? + (5/12)x + 1

N;(2) = (-5/12)23 + 22 + (5/12)2 + 1=(-40+48+10+12)/12=30/12=2,5

Naprosto stejny polynom i hodnotu f(2)=2,5 dostaneme pri pouziti Lagrangeova interpol. polynomu



Vyhody Newtonova interpolacniho polynomu oproti
Lagrangeovu interpolacnimu polynomu

Koeficienty Newtonova polynomu (pomeérné diference aj:f[xo,xl, ...Xn_l,xj])
nezaviseji na x, proto je mozné je vypocitat pri danych vstupnich hodnotach
funkce ,,jednou provzdy“. A pribydou-li nam dalSi body funkce, dopocitaji se
dalSi koeficienty Newtonova polynomu, ale piivodni ziistavaji.

Pridame-li totiz k pivodnim uzlim interpolace x;, X, X,, X3,.....X, dalsi bod x, .,
ruzny od vSech ostatnich uzli, tak k piivodnim koeficientim Newtonova
interpola¢niho polynomu N (X)

fixol, fIxgsX11, FIX0sX1,25], F[X0sX1,X0, X3, oo F[ XX 1)X5, oee. X,.1:X,,]

pfibude jeden koeficient f[x,,x,,x,, ... X ;,%, X..,] a vznikne novy polynom N, ,,(x)

s koeficienty

fixol, fIxgsX11, FIX0sX 1,21, X0, X1, X0, X3, oo F[ XX 1)X5, oee. Xn-1Xnls FIXo X0, %00 wee Xy 10X, Xp44]

U Lagrangeova interpolacniho polynomu, po pridani dalSich uzli interpolace,
musime prepocitat cely polynom.
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Algoritmus Newtonova interpolacniho polynomu

Hodnotu vypoctenou v predchozim radku (pomérnou diferenci (k-1). radu) pouziji

k vypoctu ( pomérné diference k. radu) v dalSim radku. Ale musim zacit pocitat od a,.

Od a, by to neslo, protoze bych pocital pom. diferenci k. Fadu pomoci pom. diferenci k.

radu. (Spravné pro vypocet pom. diference k. radu pouziji pom. diference (k-1). radu.)

Nap¥. pro vypocet diferenci 2. fadu pouZivam diference 1. Fadu a;=(az-a,)/(X3-X;)
Pomérna diference 2. fadu=(rozdil pom. diferenci 1. fadu)/(rozdil bodii)

Cervené vysledné hodnoty koeficientii.
N, (X) =ay+ a;(X-Xg) + 8,(X-Xp)(X-X7) ceeeeee + 8, (X-X) (X-X1)(X-X5) 0 eeeee (X-Xp.1)

Pomérna diference 0. radu
a,=f(X,); a=f(xy); a,=f(x,); as=f(Xs); a,=f(x,);

Pomérna diference 1. radu

a,=(8423)(X47X3); a3=(a3-ap) (X3-X%,); @,=(ap-a1)(X-Xq); a;=(a;-a0) (X1-Xo);

Pomérna diference 2. radu

a,=(a,-a3)(X4~X5); a3=(a3-2,)(X3-X1); a,=(a,-a)(X,-Xo);

Pomérna diference 3. radu

a,=(a4-a3)(X4~X1); az=(a3-a,)(X3-Xy);

Pomérna diference 4. radu

a,=(a,-a3)(X4%o);



Newtonuv interpolacni polynom -jednoduchy

t program v Pascalu
program newton,

uses crt;
const n=5;
type pole=array[0..n] of real,;
var a,x,clen:pole;
pocet,m,r, i,j,k,p,radu: integer; y,bod:real,;

begin

clrscr;

write('Zadej pocet bodu, maximalne 6:"); read(pocet);

writeln; {vypln prvky pole nulami, kdyz nevyuzijes cele pole}

If pocet<n+1 then
for 1:=0 to N do begin a[i]:=0; x[i]:=0; end;
m:=pocet-1; r:=pocet-1;
for 1:=0 to m do begin
write(* Zadej bod:x[',i,"]:"); read(x[i]);
write("  f(x[',1,']):"); read(ali])
end;



k:=1;

for j:=r downto 1 do begin fori:=n downto1l do begin

p:=i+k-1;

If (k<=p) and (p<=M) then
a[p]:=(a[p]-alp-1])/(x[p]-x[p-K]);

clen[0]:=a[0]-a[1]*x[0]+a[2]**x[1]*x[0]-a
X[2]* X[1]* x[0]-a[5]* x[4]* x[3]* x[2]*

clen[1]
X[1]*X
X[2]*X
X[4]*X

clen[2]:

X[2]*x
X[4]*x
X[3]*x

k:=k+1:

end:

-=a[1] -a[2]*( x[1]+x[0]) +a[3]*(x

0]) -a[4]*(xX[3[*X[2]*X[1] +X[3]*X]
1]*X[0]) +a[S]* (X[4T*X[3]*X[2]*X[1[+x[4]*X[3]*X[2]*Xx[0]+

2]*X[1]*X[0]+ X[3]*x

=a[2] - a[3]*(x[2]+ X
1]+X[2]*X[1]+ X[1]*X
3]*X[1]+ X[4]*X[2]*x

1]+x[0])+ a

[2]*X[1]*X[O]

0]) -a[5]*(x

);

4]*(X

end:

3]*x[2]*x[1]*x[0]-a[4]*x[3]*
X[1]* x[O];

2]*X[1]+x[2]*X[0]+
2]*x[0] + X[3]*x[1]*x[O0]+

B X[2]+x[3]*x[1]+

[A]*X[3]*X[2]+

1]+ X[4]*x[2]*X][O]

2]*X[1]+X[3]*X[2]*X[0] + X[3]*X[1]*X[O]

X[A]*X[1]*X[0]+
+ X[2]*X[1]*x[0]);



clen[3]:= a[3] -a[4]*(X[3]+x[2]+ X[1]+x[0]) +a[5]*(X[4]*X[3]+
X[A]*X[2]+ X[A]* X[ 1]+ x[4]*X[0]+ X[3]*X[2]+ X[3]*X[1]+ x[3]*x[0]+
X[2]*X[1]+ x[2]*X[0]+ x[1]*x[0]);

clen[4]:=a[4]

-a[S]*(X[4]+X[3]+X[2]+X[1]+X[0]);

clen[5]:=a[5];

writeln;
writeln;
writeln;

writeln('Newton...v interpolacni polynom:');

writeln;

writeln(‘pomerne diference:');

writeln;

for i:=0 to pocet-1 do write(*a',i," = ",a[i]:5:5," ");

writeln;
writeln;



writeln;
radu:=pocet-1;

writeln(*Polynom ’',radu:2,". radu:’);

writeln;

writeln(*N',pocet-1,"(x) = ",clen[5]:7:5,"*x"5 + ', clen[4]:7:5,"*xM + ',
clen[3]:7:5,"*x"3 + ',clen[2]:7:5,"*x"2 + ",clen[1]:7:5,"*x + *,clen[0]:7:5);
writeln;

write(*"Hodnota v bode: ');

read(bod);

y:=a[0]+a[1]*(bod-x[0])+a[2]*(bod-x[0])*(bod-x[1])+a[3]* (bod-x[0])* (bod-x[1])*
(bod-x[2])+a[4]* (bod-x[0])* (bod-x[1])* (bod-x[2])+a[4]* (bod-Xx[0])* (bod-x[1])*
(bod-x[2])* (bod-x[3])+a[5]* (bod-x[0

D* (bod-x[1])* (bod-x[2])* (bod-x[3])* (bod-x[4]);

writeln;

write("f(*,bod:3:3,") ="y:3:3);

repeat until keypressed,;

end.



Newtonliv interpolaéni polynom
jednoducha verze

- : C++
#include <iostream>

using namespace std;
const int n=50;
double x[n],a[n],clen[n]; double bod,y; int pocet,m,r,i,j,k,p,radu;
int main()
{ cout<<" Zadej pocet bodu, maximalne 50: "; cin>>pocet; cout<<endl;
//vypln prvky pole nulami

if (pocet<n+1) for(i=0;i<n+1;i++) { a[i]=0; x[i]=0;}
m=pocet-1; r=pocet-1;
for (i=0;i<xm+1;i++) { cout<<" Zadej bod: x["<<i<<"] ="; cin>>x[i];

cout<<" f(x["<<i<<"]) = ";cin>>ali];

}
k=1; // dif[0]=al[0];
for (j=r; j>=1;j--){ for (i=n;i>=1;i--) { p=i+k-1; if ((k<=p) && (p<=m)) a[p]=(alp]-alp-1])/(x[p]-x[p-
kl); }

/] dif[k]=a[k]; z[j]=x[m]-x[m-k];
k=k+1;
}



clen[0]=a[0]-a[1]*x[0]+a[2]*x[1]*x[0]-a[3]*x[2]*x[1]*x[0]-a[4]*x[3]*x[2]*x[1]*x[O]-
a[51*x[4]*x[3]*x[2]*x[1]*x[0];
clen[1]=a[1]-a[2]*(x[1]+x[0])+a[3]*(x[2]*x[1]+x[2]*x[O0]+x[1]*x[0])-
a[a1*(x[31*x[2]*x[1]+x[3]1*x[2]*x[0]+x[3]*x[1]*x[0]+x[2]*x[1]*x[0])+a[5]* (x[4]*x[3]*x[2]*x[1]+
x[41*x[31*x[2]*x[0]+x[4]*x[2]*x[1]*x[0]+x[3]*x[2]*x[1]*x[O]);
clen[2]=a[2]-a[3]*(x[2]+x[1]+x[0])+a[4]*(x[3]*x[2]+x[3]*x[1]+x[2]*x[1]+x[2] *x[1]+x[1]*x[O])-
a[5]1*(x[4]*x[3]1*x[2]+x[4]*x[3]1*x[1]+x[4]*x[2]*x[1]+x[4]*x[2]*x[0]+x[4] *x[1])*x[0]+Xx[3]*Xx[2] * X[
11+ x[31*x[2]*x[0]+x[3]*x[1]*x[0]+x[2] *x[1]*x[O]);

clen[3]=a[3]-
a[4])*(x[3]+x[2]+x[1]+x[0])+a[5]*(x[4]*x[3]+x[4]*x[2]+x[4]) *x[1]+x[4] *x[0]+x[3]*x[2]+x[3]*x[1]+
x[3]*x[0]+x[2]*x[1]+x[2]*x[0]+x[1]*x[0]);

clen[4]=a[4]-a[5]*(x[4]+x[3]+x[2]+x[1]+x[0]);

clen[5]=a[5];

cout<<endl<<endl<<endl;



cout<<" Newtonuv interpolacni polynom: "<<endl;

cout<<" pomerne diference: "<<endl;

for (i=0; i< pocet;i++) cout<<" a "<<i<<" = "<<a[i]<<endl<<endl<<end]l;

radu=pocet-1;

cout<<" Polynom "<<radu<<". radu:"<<endl<<endl;

cout<<" N"<<pocet-1<<"(x) = "<<clen[5]<<" *xA5 + "<< clen[4]<<" *x"4 + "<<clen[3]<<" *Xx"3 +
"<<clen[2]<<" *x"2 + "<<clen[1]<<" *x + "<<clen[0]<<endl<<endI;

cout<<" Vypocet hodnoty f(x) v bode x "<<endl; cout<<" Zadani bodu x: "; cin>>bod;
cout<<end]l;

y=a[0]+a[1]*(bod-x[0])+a[2]*(bod-x[0])*(bod-x[1])+a[3]*(bod-x[0])*(bod-x[1])*(bod-
x[2])+a[4]*(bod-x[0])*(bod-x[1])*(bod-x[2])*(bod-x[3])+a[5]*(bod-x[0])*(bod-x[1])*(bod-
x[2])*(bod-x[3])*(bod-x[4]);

cout<<" Hodnota f("<<bod<<") = "<<y<<endI;
return 0;

}
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